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Chapter 1: Complex Numbers Lecture notes Math
Section 1.1: Definition of Complex Numbers
Definition of a complex number
A complex number is a number that can be expressed in the form z = a+ bi, where a and b are real numbers
and i is the imaginary unit, that satisfies the equation i2 = −1. In this expression, a is the real part Re(z)
and b is the imaginary part Im(z) of the complex number. The complex number a + bi can be identified
with the point (a, b) in the complex plane. A complex number whose real part is zero is said to be purely
imaginary, whereas a complex number whose imaginary part is zero is a real number.
Ex.1 Understanding complex numbers
Write the real part and the imaginary part of the following complex numbers and plot each number in the
complex plane.
(1) i
(2) 4 + 2i
(3) 1− 3i
(4) −2
Section 1.2: Operations with Complex Numbers
Addition and subtraction of two complex numbers
To add/subtract two complex numbers we add/subtract each part separately:
(a+ bi) + (c+ di) = (a+ c) + (b+ d)i
and
(a+ bi)− (c+ di) = (a− c) + (b− d)i
Ex.1 Addition and subtraction of complex numbers
(1) (9 + i) + (2− 3i)
(2) (−2 + 4i)− (6 + 3i)
(3) (i)− (−11 + 2i)
(4) (1 + i) + (4 + 9i)
Multiplication of two complex numbers
To multiply two complex numbers we proceed as follows:
(a+ bi)(c+ di) = ac+ adi+ bci+ bdi2 = ac+ adi+ bci− bd = (ac− bd) + (ad+ bc)i
Ex.2 Multiplication of complex numbers
(1) (3 + 2i)(1 + 7i)
(2) (i+ 1)2
(3) (−4 + 3i)(2− 5i)
1
Chapter 1: Complex Numbers Lecture notes Math
Conjugate of a complex number
The complex conjugate of the complex number z = a+ bi is defined to be z¯ = a− bi.
Division of two complex numbers
To divide two complex numbers we proceed as follows:
(a+ bi)
(c+ di)
=
(a+ bi)
(c+ di)
· (c− di)
(c− di) =
ac+ bd
c2 + d2
+
bc− ad
c2 + d2
i
Ex.3 Division of complex numbers
(1) 3−i2+3i
(2) 5+2i−4+i
Properties of conjugates
(1) Conjugating twice gives the original complex number:
z¯ = z
(2) If z = a+ bi,
a = Re(z) =
z + z¯
2
, b = Im(z) =
z − z¯
2i
(3) Conjugation distributes over the standard arithmetic operations:
• z + w = z¯ + w¯
• z − w = z¯ − w¯
• zw = z¯w¯
• z/w = z¯/w¯
Ex.4
Write the conjugates of the following complex numbers:
(1) 4 + 16i
(2)
√
3− 2i
(3) 15i
(4) −7 + 8i
(5) −6
Ex.5 Operations with complex numbers
(1) 4+2i1+3i − (15− 7i)
(2)
(
2−3i
9+i
)
(−2 + i)
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Section 1.3: Complex Numbers and Polar Coordinates
Complex numbers and polar coordinates
We define the modulus of a complex number z = a + bi as |z| = √a2 + b2. The modulus corresponds to
the length of the vector that represents a + bi. If we think of the non-zero complex number z = a + bi as
the point (a, b) in the complex plane, we can represent this point by the polar coordinates (r, θ), where r is
the distance of the point from the origin and θ is the angle, in radians, from the positive x-axis to the ray
connecting the origin to the point.
When working with complex numbers we assume that r is positive and that θ can be any of the possible
(both positive and negative) angles that end at the ray. We excluded z = 0 since θ is not defined for the
point (0, 0). We will therefore only consider the polar form of non-zero complex numbers.
We have the following conversion formulas for converting the polar coordinates (r, θ) into the correspond-
ing Cartesian coordinates of the point (a, b):
a = r cos θ, b = r sin θ.
If we substitute these into z = a+ bi and factor r out, we arrive at the polar form of the complex number:
z = r(cos θ + i sin θ)
Substituting r with |z|, we have z = |z|(cos θ + i sin θ).
The angle is called the argument of z and is denoted by θ. To find θ, we proceed as follows:
b
a
=
r sin θ
r cos θ
=
sin θ
cos θ
= tan θ.
Hence,
θ = tan−1
b
a
, for a > 0
or
θ = tan−1
b
a
+ pi, for a < 0.
If a = 0 and b > 0, then θ = pi/2 and if a = 0 and b < 0, then θ = 3pi/2.
Ex.1
Express the following complex numbers in polar form.
(1) 5 + 2i
(2) 5i
(3) −1 + i
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QUESTIONS AND PROBLEMS
(1) What is a complex number?
(2) What is the conjugate of a complex number?
(3) What are the properties of the conjugates of complex numbers?
(4) Write the real part and the imaginary part of the following complex numbers and plot each number
in the complex plane.
(a) 9− 2i
(b) 1 + 2i
(c) −10− 4i
(d) 8
(e) 3i
(5) Write the conjugates of the following complex numbers:
(a) 1− 6i
(b) 12 − 9i
(c) −4i
(d) −12 + 9i
(e) 18
(6) Simplify the following expressions:
(a) (−2 + 15i) + (4 + 3i)
(b) (6i)− (1− i)
(c) (5 + 3i)(2− 4i)
(d) (−3 + i)2
(e) 6+5i3+i
(f) 1+i−2+5i
(7) Express the following complex numbers in polar form.
(a) −3 + 2i
(b) 7
(c) 4− i
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